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Stabilization of coherent oscillations in spatially extended dynamical systems
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We consider high-dimensional cellular automata with coherent period-three oscillations. We find that the
interface dynamics between inhomogeneous phases has diffusivelike behavior. This phenomenon, not consid-
ered in a previous droplet-growth argument against the existence of coherent oscillations in spatially extended
systems, explains why these models escape the argufgd@63-651X97)10108-9

PACS numbg(s): 05.45:+b, 71.45--d, 75.40.Mg, 75.70.Cn

A few years ago a generic argument was given by Bennethree behavior was only observed in atypi¢alg., highly
et al. against the existence of coherent oscillations with pe-anisotropi¢ rules constructed to make the field term pre-
riod larger than two in spatially extended systems with locakisely zero.
interactions[1]. Several exceptions to this argument have The CA models studied systematically[@] are dynami-
been recently founf?] in cellular automat#CA) models in  cal systems in a three-dimensiof8D) to 5D (hypencubic
which the average magnetization (fraction of sites with |attice; sites can take values 0 or 1, and are updated synchro-
state ong exhibits period three or near three with superim-nously. The evolution rule isotalistic, i.e., the next value
posed deterministic noise. In this paper we explain why thelepends on the sum of site values over a local neighborhood.
droplet growth argument given ifi] does not apply to the In particular, sites are updated to be one if the sum of neigh-
models in[2]. After summarizing the argument ifl] we  bors is in some intermediate range, or zero if the sum is too
describe the models if2], and review known results. We high or too low; specific examples are given below. While
continue with a report of our simulations and their implica- the models have no known physical meaning, their study can
tions. In particular, we observe a diffusionlike evolution of be profitable in the understanding of oscillating extended
droplet-medium interfaces which provides a new mechanisrgystems such as Rayleigh+#B®d convection and surface
for droplet breakdown and suggests that the droplet-growtlvaves; they also have been associated with kinetic roughen-
equation proposed ifl] [Eq. (1) below] is inappropriate for ing and interface growth3]. In many cases the correlations
the models in2]. induced by determinism cause significant deviations from

We begin by summarizing the argumenti. Considera mean-field results, which predict a single-humped return
lattice system in which each node can be in one of thregnap m(t+1) vs m(t), with m as defined above. For ex-
states sy, S;, or s,. There is a microscopic transition rule ample, global oscillations i with period three or near
that results in asymptotic behavignajority s) — (majority  three, in apparent violation of the argumenfid, have been
s1) — (majority s;) — (majority sj) —--- This would  observed. The corresponding return maps, showing three
yield spatially uniform states, but there is also some thermatiots with noise or a donut with noise, can be founddh

noise which creates droplets &f ands, in the configuration Several attempt2—7] have been made to understand the
with majority sy, and so on. phenomenology of these models. A second-order phenom-
According to[1] the equation that describes the dropletenological equatiofi4] for m showed how irrational-period
sizeR, say ofsy in s; is oscillations can arise in a discrete-time dynamical model and
reproduced qualitatively the return map for Numerically
dr o measured site-site correlatiofs| and cluster-expansion ap-
T §+ h, (1)  proximationg[6] also reproduce qualitatively the magnetiza-

tion return map. A noteworthy numerical study of noise and
metastability in these systems is given in R&f. Presently
where o is analogous to surface tension and the figlts  the models with irrational frequencies are well understood: it
positive if it favorssy and negative if it favors;. Itis argued  has been suggest¢d] that fluctuations in these systems are
that genericallyh#0. The exceptions are certain anisotropic governed by the Kardar-Parisi-Zhafi§PZ) equation8] for
rules, or the case of exactly two uniform phases. Thereforenterface growth. This has been corroborat@tby measur-
the argument only applies to periods three or greater. ing spatial and temporal spin-spin correlations in these mod-
If h>0 droplets ofsy will grow in configurations with  els, which show algebraic decay laws consistent with models
majority s;; if h<O the opposite will happen. The same that obey the KPZ equation. However, in the case of period-
argument can be applied to the paggss, ands;,s,. The three oscillations much remains to be known; it has been
conclusion is that droplet growth destroys spatial coherencesuggested independently that different parts of these systems
and the asymptotic states are an incoherent mixture of thare uncoupled[10], or weakly coupled[11]; Ref. [12]
three states. Simulations [i1] confirm this, showing such showed strong evidence against the first of these two hypoth-
phenomena as spiral waves and phase dislocations. Periogkes.
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FIG. 2. Preliminary results of interface dynamics for the five-

dimensional model described in the text. The axes are the same as

FIG. 1. Evolution of magnetization vs distance near a sharg,, Fig. 1. Density profiles are shown every 60 time steps.
interface between two inhomogeneous phases, averaged over 20

s o S v ot i 1P function btweem0.74 andn0.85. Only sies it
' y PRalues between 10 and 30 in the longest dimension are
shown, i.e., those nearest the original interface.

Two major differences appear between these and the The profiles are reminiscent of heat diffusion in an infinite
models used in the argument[ifi]: three phases with differ- region with the initial temperature distribution of a step func-
ent magnetizations appear with only two states per sitefion. However, a comparison of our simulations and the ex-
which means that the phases amBomogeneoysand there act result(Chap. Il in Ref.[14]) indicates that our model
are no spontaneous thermal fluctuations, although the dengloes not follow linear diffusion, even allowing for uncer-
ties of the phases have small local fluctuations due to detetainty in the simulations and drift. This drift, of about four
ministic noise(see below. However, the rules are isotropic lattice units to the left in 400 time steps, corresponds to a
and period-three behavior appears in more than one specifiery small value of the field termiy~ 102, consistent with
model, which suggests that some step of the argurfgnt previous measurements in RET).
fails. In what follows we study the validity of the droplet  In order to check the generality of the diffusionlike phe-
growth equation by creating a flé@nfinite-radiug interface, nomenon, we also did preliminary simulations of a 5D model
which eliminates the first term in the right hand side of Eqg.which also exhibits period-three oscillations. In this case we
Q). have a totalistic rule over the 11-site von Neumann neigh-

First we studied a four-dimensional model in which sitesborhood. Sites are updated to one if the sum is between four
are updated to be 1 if the sum of the nine-site von Neumanand ten, and to zero otherwise. The results, shown in Fig. 2,
neighborhoodcenter site and nearest neighhdssbetween confirm that this phenomenon indeed exists in the 5D model.
3 and 8, and to be zero otherwise. In this model the magndn order to avoid problems specific to random number gen-
tization oscillates betweem~ 0.57, 0.74, and 0.85 approxi- erators[15], initial conditions were generated independently
mately. A randomly chosen initial condition witm~0.5  with generators from three different familidd6]. The
was generated. Then we evolved the system for 1000 stepgtaphs are mutually consistefdnly one is show)) which
to ensure that it had reached the period-three asymptotigives us confidence in the results.
state, and monitored it for a few more until we were sure it Based on these results of flat-interface simulation, the fol-
had reached a particular phasay,m~0.57). This was nec- lowing picture emerges for the models of REZ]: because
essary because different initial conditions may reach the pesf small fluctuations due to the inhomogeneity of the phases,
riodic state out of phase with each other. We saved thasmall fluctuations in magnetization will develop at every
configuration and ran the system for one more time step. Wéme step. The gradients and droplet siz2g] will not be
then prepared a system with the left half in one phase and theery large. The droplet growth rate will be at mdstmuch
right half in the other, thereby creating a flat interface bedess for small droplets because of the negative surface ten-
tween the two phases. We then allowed the system to evolvsjon term. For a droplet of radius 3 with a 4% density dif-
and measured densities for the three-dimensional cuts parderence[17], R will grow at most by one lattice unit in about
lel to the direction of the interface. 100 time steps. In that time, the density difference at the

Figure 1 shows the time evolution of densities near thenterface will drop to about 1%see Fig. 1 Therefore, the
interface. Systems of size 4®20° were considered, with the diffusionlike mechanism near the interface tends to destroy
interface chosen halfway along the longest dimension. Simidroplets in time scales comparable to the growth term, pre-
lar results[13] were obtained for each of the three possibleserving the stability of the inhomogeneous phase.
interfaces, as well for a five-dimensional example described This picture has an additional mechanism not considered
below. Densities are plotted every 60 time st¢p® com- in the droplet growth Eq(1), which explains why in the
plete cycles of the period-three oscillatjpistarting with a  models under consideration the period-three oscillations are
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